THE NONLINEAR BENDING-TORSION THEORY FOR CURVED RODS AS 
T-LIMIT OF THREE-DIMENSIONAL ELASTICITY 



LUCIA SCARDIA 

66 ' 

, Abstract. The problem of the rigorous derivation of one-dimensional models for nonlinearly 

■ elastic curved beams is studied in a variational setting. Considering different scalings of the 

three-dimensional energy and passing to the limit as the diameter of the beam goes to zero, 
' a nonlinear model for strings and a bending-torsion theory for rods are deduced. 

C3 ; 

Keywords: dimension reduction, curved beams, nonlinear elasticity 
[ 2000 Mathematics Subject Classification: 74K10, 49J45 

'p 1. Introduction 

This paper is part of a series of recent works concerning the rigorous derivation of lower dimen- 
sional models for thin domains from nonlinear three-dimensional elasticity, by means of T— con- 
vergence. 

The first result in this direction is due to E. Acerbi, G. Buttazzo and D. Percivale (see [1]), 
who deduced a nonlinear model for elastic strings by means of a 3D-1D dimension reduction. The 
two-dimensional analogue was studied by H. Le Dret and A. Raoult in [7], where they derived 
a nonlinear model for elastic membranes. The more delicate case of plates was justified more 
recently by G. Friesecke, R.D. James and S. Muller in [4] (see also [6] for a complete survey on 
Q\ . plate theories). The case of shells was considered in [8] and [5]. 

As for one-dimensional models, nonlinear theories for elastic rods have been deduced by M.G. 
. Mora, S. Muller (see [9], [10]) and, independently, by O. Pantz (see [11]). In all these results, as 

in [1], the beam is assumed to be straight in the unstressed configuration. 

In this paper we study the case of a heterogeneous curved beam made of a hyperelastic material. 
Let := (0, L) x D, where L > and D is a bounded domain in R 2 , and let h > 0. We consider 
a beam, whose reference configuration is given by 



> 
CO 



X 



■= Ms) + h£u 2 (s)+h<; u 3 (s) : (s, £, C) G n}, 



where 7 : (0, L) — > R 3 is a smooth simple curve describing the mid-fiber of the beam, and v 2 , ^3 : 
(0, L) — > R 3 are two smooth vectors such that (7', u 2 , ^3) provide an orthonormal frame along the 
curve. In particular, the cross section of the beam is constant along 7 and is given by the set hD. 
It is natural to parametrize Sl/j through the map 

which is one-to-one for h small enough. 

The starting point of our approach is the elastic energy per unit volume 



/W(6) := J- f VU((* (,l) ) \x),Vv(x))dx 



of a deformation v E W 1,2 {(lh] R 3 )- The stored energy density W : Q x M 3x3 — > [0, +00] has to 
satisfy some natural conditions; i.e., 

• W is frame indifferent: W(z,RF) = W(z,F) for a.e. z G fl, every F e M 3x3 , and every 
R G 50(3); 

• W(z,F) > Cdist 2 (F : SO(3)) for a.e. z G fl and every F G M 3x3 ; 

• W(z, R) = for a.e. z G Q and every R G SO(3). 



2 



3D-1D ASYMPTOTIC ANALYSIS FOR THIN CURVED DOMAINS IN NONLINEAR ELASTICITY 



For the complete list of assumptions on W we refer to Section 2. 

The aim of this work is to study the asymptotic behaviour of different scalings of the energy 1^ , 
as h — * 0, by means of T-convergence (see [2] for a comprehensive introduction to T-convergence). 
Heuristic arguments suggest that, as in the case of straight beams, energies of order 1 correspond 
to stretching and shearing deformations, leading to a string theory, while energies of order h 2 
correspond to bending flexures and torsions keeping the mid-fiber unextended, leading to a rod 
theory. 

The main results of the paper are contained in Section 3, where we identify the T-limit of 
the sequence of functional (/(^//i 2 ). We first show a compactness result for sequences of 
deformations having equibounded energies (Theorem 3.3). More precisely, given a sequence 
(#) C W 1 ' 2 ^;^ 3 ) with I^{v^)/h 2 < C, we prove that there exist a subsequence (not 
relabelled) and some constants e M. 3 such that 

vW o _ c {h) _^ v strongly in W 1 ' 2 ^; R 3 ), 
ia fi (i;Wo*W) -^d 2 strongly in L 2 (fl; IR 3 ), 
^((gWo^) -^d 3 strongly in L 2 (Cl;R 3 ), 

where (v,d 2 ,d 3 ) belongs to the class 

A := {(v,d 2 ,d 3 ) G VF 2 ' 2 ((0,L);R 3 ) x W 1>2 ((0,L);R 3 ) x W 1,2 ((0,L);R 3 ) : 

(v'(s) | d 2 (s) | d 3 (s)) G 50(3) for a.e. s in (0, L)}. 

The key ingredient in the proof is a geometric rigidity theorem proved by G. Friesecke, R.D. James 
and S. Miiller in [4]. In Theorems 3.5 and 3.6 we show that the T-limit of the sequence (i^/h 2 ) 
is given by 

1{v ,d 2 ,d 3 ) := ( lj o L Q2{s,{R T (s)R'(s)-R^( S )R' ( S )))ds if (v,d 2 ,d 3 ) G A, (L1) 



-00 



otherwise, 



where R :— (v' \ d 2 \ d 3 ), Ro :— (7' | v 2 \ is 3 ), and Q 2 is a quadratic form arising from a minimization 
procedure involving the quadratic form of linearized elasticity (see (3.19)). We point out that in 
Theorems 3.5 and 3.6 we do not require any growth condition from above on the energy density W. 

We notice that in the limit problem the behaviour of the rod is described by a triple (v,d 2 ,d 3 ). 
The function v represents the deformation of the mid-fiber, which satisfies \v'\ — 1 a.e., because 
of the constraint (v' | d 2 | d 3 ) G 50(3) a.e.. Therefore, the admissible deformations are only those 
leaving the mid-fiber unextended. Moreover, the triple (v,d 2 ,d 3 ) provides an orthonormal frame 
along the deformed curve; in particular, d 2 and d 3 belong to the normal plane to the deformed 
curve and describe the rotation undergone by the cross section. 

Since R = (v' | d 2 \ d 3 ) is a rotation a.e., the matrix R T R' is skew-symmetric a.e. and its entries 
are given by 

(R T R') lk = -{R T R') kl - v' ■ d' k for k = 2, 3, (R T R') 23 = -{R T R') 32 = d 2 ■ d' 3 . 

It is easy to see that the scalar products v' ■ d' k are related to curvature and therefore, to bending 
effects, while d 2 • d' 3 is related to torsion and twist. We remark also that the energy depends explic- 
itly on the reference state of the beam through the quantity RqR' , which encodes informations 
about the bending and torsion of the beam in the initial configuration. 

We notice that, specifying Rq = Id in (1.1), we recover the result for straight rods obtained in 
[9] and [11]. 

The last section of the paper is devoted to the study of lower scalings of the energy. Assuming 
that the energy density W satisfies a growth condition from above, we prove the T-convergence 
of the sequence (i^) to a functional corresponding to a string model. Finally we show that 
intermediate scalings of the energy between 1 and h 2 lead to a trivial T- limit. 
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2. NOTATIONS AND FORMULATION OF THE PROBLEM 

In this section we describe the geometry of the unstressed curved beam. Let 7 : [0, L] — > R 3 
be a simple regular curve of class C 2 parametrized by the arc-length and let r = 7 be its unitary 
tangent vector. We assume that there exists an orthonormal frame of class C 1 along the curve. 
More precisely, we assume that there exists i? G C7 1 ([0, L]; M 3x3 ) such that Ro(s) e 50(3) for 
every s 6 [0, L\ and Ro(s) e\ = r(s) for every s G [0, L], where e*, for i = 1,2,3, denotes the 
i-th vector of the canonical basis of R 3 and SO (3) = {R G M 3x3 : R T R = Id, det R = l}. We set 
ffe(s) := i? (s) e fc for fc = 2, 3. 

Let D C K 2 be a bounded open connected set with Lipschitz boundary such that 



C(dt;d( = o (2.1) 

and 

/ Zd£d(= f (dtd( = 0, (2.2) 

J D J D 

where (£, £) stands for the coordinates of a generic point of D. Without loss of generality, we can 

assume C 2 (D) = 1. We set ft := (0, L) x D. 

The reference configuration of the thin beam is given by 

&h :={7(s) + hZv2(s) + h(v 3 (s) : (s,£,C) G 
where /i is a small positive parameter. Clearly the curve 7 and the set D represent the middle 
fiber and the cross section of the beam, respectively. The set (lh is parametrized by the map 

: (s,Z,t)»j(s) + h!iiS2(s) + hCv3(s), 

which is one-to-one for h small enough and of class C 1 . 

We assume that the thin beam is made of a hyperclastic material whose stored energy density 
W : x M 3x3 — > [0, +00] is a Caratheodory function satisfying the following hypotheses: 

(i) there exists S > such that the function F \— > W(,z, F) is of class C 2 on the set 
{F e M 3x3 : dist(F,50(3)) < 5} for a.e. z £ fi; 

(ii) the second derivative d 2 W/dF 2 is a Caratheodory function on the set 

!Jx{Fe M 3x3 : dist(F, SO(3)) < 6} (2.3) 
and there exists a constant C\ > such that 
9 2 VK 

^ r 1 < d\ G | 2 for a.e. z G O, everyFwithdist(F, 50(3)) < (5 



9F 2 



(z,F)[G,G] 



and every G G M 3x ^; 

(iii) W is frame indifferent, i.e., W(z,RF) = W(z,F) for a.e. z e fl, every F G M 3x3 and 
every i? G 50(3); 

(iv) VK(z, i?) = for every R G 50(3); 

(v) 3 2 > independent of z such that W(z,F) > C 2 dist 2 (F, 50(3)) for a.e. z G ft and 
every F G M 3x3 . 

Notice that, since we do not require any growth condition from above, W is allowed to assume 
the value +00 outside the set (2.3). Therefore our treatment covers the physically relevant case 
in which W = +00 for dot F < 0, W -> +00 as^det F —> 0+. 

Let v G W 1 ' 2 (ft/ l ; M 3 ) be a deformation of ft/j. The elastic energy per unit volume associated 
to v is defined by 

IW(v) := 4 / TT((*^) _1 (x),V5(x))dx. (2.4) 

The main part of this work is devoted to the study of the asymptotic behaviour as h — > of the 
sequence of functional F'^/h 2 . In the final part we will also discuss the scaling F h ^/h a for 
< a < 2. 
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We conclude this section by analysing some properties of the map ^( h \ which will be useful in 
the sequel. We will use the following notation: for any function z G W 1,2 (Q; R 3 ) we set 

1 



h^ 



We observe that Vh*^ can be written as the sum of the rotation R and a perturbation of order 
h, that is, 

V fc *W(s, C) - Ro(s) + h(£ v' 2 {s) + C y' s {s)) ® e x . 
From this fact it follows that, as h — > 0, 

V ft * (,l) (s,C,C) -> ^o(s) and dct (V ?l * ( ' l) ) dcti? = 1 uniformly. (2.5) 

This implies that for h small enough Vh^^ is invertible at each point of fl. Since the inverse of 
Vh^' 1 ' can be written as 

(V„*< h >) & - itf(s) - /i i?o T (*) [(£ ^ 2 («) + C «/ 3 W) ® ex] + 0(/, 2 ) (2.6) 

with 0(h 2 )/h 2 uniformly bounded, we have also that (V/j^^) 1 converges to Rq uniformly. 

3. Derivation of the bending-torsion theory for curved rods 
The aim of this section is the study of the asymptotic behaviour of the sequence of functionals 

)dx 



? /W («) = ^ J W((?W)-\x),Vv(x))< 



h 2 

under the assumptions (i)-(v) of Section 2. 

3.1. Compactness. We will show a compactness result for sequences of deformations having 
equibounded energy I^/h 2 . A key ingredient in the proof is the following rigidity result, proved 
by G. Friesecke, R.D. James and S. Miillcr in [4]. 

Theorem 3.1. Let U be a bounded Lipschitz domain in R™, n > 2. Then there exists a constant 
C{U) with the following property: for every u G VF 1 ' 2 (C/;R") there is an associated rotation 
R G SO(n) such that 

||Vu - R\\ LHU) < C(U) ||dist(V«, SO{n))\\ L2(u) . 

Remark 3.2. The constant C(U) can be chosen independent of U for a family of sets that are 
Bilipschitz images of a cube (with uniform Lipschitz constants), as remarked in [5]. 

We introduce the class of limiting admissible deformations 

A := {(v,d 2 ,d 3 ) G VF 2 ' 2 ((0,L);R 3 ) x W h2 ({0, L); R 3 ) x W h2 ((0, L);R 3 ) : 

(v'(s) | d 2 {s) | d 3 (s)) G SO{3) for a.e. s in (0, L)}. (3.1) 
Now we are ready to state and prove the main result of this subsection. 
Theorem 3.3. Let (v^) be a sequence m W 1 ' 2 (Sl h ;R 3 ) such that 

J_/CO( 5 CO)< C<+00 . (3.2) 

Then there exist a triple (v,d 2 ,d 3 ) G A, a map R G VF 1 ' 2 ((0, L); M 3x3 ) with R(s) G SO (3) 
for a.e. s G [0,L], and some constants G R 3 such that, up to subsequences, 

jjCO Q ^(fc) _ c (h) ^ y strong i y m w^iil; R 3 ), (3.3) 

^dz(v w o*W) -» d 2 strong mL 2 (ft; R 3 ), (3.4) 

^<9 c (5 ( ' l) o*W) -» rf 3 strong mL 2 (ft;R 3 ), (3.5) 
V^'o^^fl sfrora^y in£ 2 (ft; M 3x3 ). (3.6) 
Moreover, for a.e. s G [0, L], we /icwe (v'(s) \ d 2 (s) \ d 3 (s)) = R(s) Ro(s), where R = (r | v 2 \ v 3 ). 



3D- ID ASYMPTOTIC ANALYSIS FOR THIN CURVED DOMAINS IN NONLINEAR ELASTICITY 5 

Proof. Let (w^ 1 )) be a sequence in W 1,2 {£lh', IR 3 ) satisfying (3.2). The assumption (v) on W implies 
that 



/ dist 2 (Vi> (h) (x), SO (3)) dx <Ch 4 
Jn h 

for a suitable constant C. Using the change of variables vfC 1 ), we have 

dist 2 ^^ o¥ h \SO(3))dct(V h ^ {h) )dsd^dC < eft 2 . (3.7) 



/ 



>n 

From (2.5) and the estimate 



dist 2 (F,SO(3)) > \\F\ 2 -3, 



we get the bound 

W l) oyW\ 2 dsd£dC < c. (3.8) 



/ 

J £2 



Define the sequence F^ 1 ) : = Vu^ 1 ) o vJ/C 1 ); from (3.8) it follows that there exists a function F G 
L 2 (fl;M 3x3 ) such that, up to subsequences, 

p( h ) _s. p weakly in L 2 (fi;M 3x3 ). (3.9) 

Using Theorem 3.1, we will show that this convergence is in fact strong in L 2 and that the limit 
function F is a rotation a.e. depending only on the variable along the mid-fiber and belonging 
to W 1,2 ((0, L); M 3x3 ). The idea is to divide the domain Q/j in small curved cylinders, which 
are images of homotetic straight cylinders through the same Bilipschitz function. Then, we can 
apply the rigidity theorem to each small curved cylinder with the same constant. In this way we 
construct a piecewise constant rotation, which is close to the deformation gradient Vv^ h ' in the 
L 2 norm. For every small enough ft > 0, let Kh G N satisfy 

L 

ft < < 2 ft. 

K h 

For every a G [0, L) n — - N, define the segments 
K h 

{(a,a + 2h) if a < L - 
K h 
(L — 2 ft, L) otherwise. 

Now consider the cylinders C a ,h '■= S a ,K h x F) and the subsets of Q/j defined by C a .h '■= ^^ h \C a ,h)- 
Remark that C a ,h is a Bilipschitz image of a cube of size ft, that is (a, 0, 0) + ft ((0, 2)xD), through 
the map ^ defined as 

*: [0,L] xR 2 ^R 3 , (s,y 2 ,y 3 ) » l(s) + V2V2(s) + y 3 V3(s). 

By Theorem 3.1 we obtain that there exists a constant rotation such that 

/ | Vv (/l) - R { a ] \ 2 dx < c [ dist 2 (Vw (/l) , SO(3))dx. (3.10) 

Jc a , h Jc a , h 

The subscript a in Ra is used to remember that the rotation depends on the cylinder C a ,h- In 
particular, since ((a, a + xfl) C C a ,h, we get 

/ \Vv^ -R^\ 2 dx<c [ dist 2 (W l) , SO(S))dx. (3.11) 

J^w((a,a +1 ^)xD) Jc a , h 
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Changing variables in the integral on the left-hand side, inequality (3.11) becomes 

V«< fc > o*W -R^\ 2 det (W (h) )dsd!;d( 



I, 



(a,a+-^-) xD 



< c 



< c 



[ dist 2 (Vv^ h \SO(3))dx 

f W((^)~ 1 (x),W h \x))dx. 
Jc a , h 

Notice that det (V*<' 1 )) = h 2 dct (W h ^ W ) and, since dct (V h ^ h) ) -> 1 uniformly, 

/ \Vv W o¥ h) -R^\ 2 dsd£d(< / W , ((tf (h) )~ 1 (a;).Vi; ( ' l) (*))<&. (3.12) 

Now define the map i#) . [ 0) L ) 50(3) g i ven by 

R {h) (s) := for s G la, a + , a e [0, L) n N. 

L A /,. / Ah 



Summing (3.12) over a G [0, L) n ^- N leads to 



/ |V5 (h) o*( h )-i2( fc )| 2 dadedC<4 / VK((* ( ' l) ) \x), Vv^(x))dx 
Jn h Jn h 



J 



for a suitable constant independent of h. By (3.2) we obtain 

\7v^ o^C 1 ) -RW\ 2 dsd{d( < ch 2 . (3.13) 

in ' 

Now, applying iteratively estimate (3.12) in neighbouring cubes, one can prove the following differ- 
ence quotient estimate for R^: for every /' CC [0, L] and every S G M with | d| < dist(/', {0, L}) 

R (h) (s + 5)- R( h \s) \ 2 ds<c(\5\ + hf, (3.14) 

with c independent of /' and 5 (see [9], proof of Theorem 2.1). Using the Frechet-Kolmogorov 
criterion, we deduce that, for every sequence (hj) — > 0, there exists a subsequence of R^ h ^ which 
converges strongly in L 2 (/';M 3x3 ) to some R G L 2 (f; M 3x3 ), with R(s) G 50(3) for a.e. s G /'. 
From (3.9) and (3.13) it follows that F = R a.e.. Moreover (2.5) and (3.7) imply the convergence 
of the L 2 norm of F(V to the L 2 norm of R, hence 

F^ h) — ► ~R strongly inL 2 (f7; M 3x3 ). 

This proves (3.6), once the regularity of the function R is shown. To this aim, divide both sides 
of the inequality (3.14) by (|<5| + h) 2 and let h — ► 0; then 

\R(s + S) -R(s)\ 2 



I 



\s\ 2 



■ds<c (3.15) 



and so R G VF 1,2 (/'; M 3x3 ). But this holds for every I' CC [0, L] with a constant independent of 
the subset hence R G VF 1 ' 2 ((0, L); M 3x3 ). 
Now notice that 

V h (5 (/l) o *W) = (V5 (/l) o ¥ h) )\7 h ¥ h) = F w V h ¥ h) ; (3.16) 
by (2.5) and (3.6) we deduce that 

V h (v^ otfW) — >RR Q strongly in L 2 (ft; M 3x3 ). (3.17) 

In particular, we have 

V(v (/l) otfW) — ► (Siioei) ®ei strongly in L 2 (ft; M 3x3 ). (3.18) 

By Poincare inequality there exist some constants G K 3 and a function v in W^ 1,2 (Q;]R 3 ) such 
that (3.3) is satisfied. Moreover (3.18) entails that the function v depends only on the variable s 
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in [0,L] and satisfies v' = RR ei. Setting d fe := RR e k for k = 2, 3, we have that (v,d 2 ,d 3 ) G A 
and (3.4), (3.5) are satisfied by (3.17). □ 

3.2. Bound from below. Let Q 3 : x M 3x3 — ► [0, +00) be twice the quadratic form of 
linearized elasticity; i.e., 

d 2 W 

Qs(z,G) :=—( z ,Id)[G,G] 

for a.e. and every G e M 3x3 . We introduce the quadratic form Q 2 : [0, L]xM^ e 3 w [0, +00) 

defined by 



Q 2 (s,P):= inf J f qJ S ^X,Ms)[p{ Z ) + 9 

&eW 1 - 2 (D;R 3 ) { JD \ \ V C / 



d ( a ]Rq{s) (3.19) 



Remark 3.4. It is easy to check that the minimum in (3.19) is attained; moreover the minimizcrs 
depend linearly on P, hence Q 2 is a quadratic form of P. Notice also that if P G L 2 ((0, L); M 3x3 ), 
then a G L 2 (Q;R 3 ) with d^a,d ( a G L 2 (ft;R 3 ), and g G L 2 ((0, L); M 3 ) (sec [10, Remarks 4.1 - 
4.3]). 

In the following theorem we prove a lower bound for the energies P h ^/h 2 in terms of the 
functional 

I(v,d 2 ,d 3 ):=[\j Q2(s,{R T (s)R'(s)-RZ(s)Rl ) (s)))ds if (v,d 2 ,d 3 ) G A, (g 2Q) 

[ +00 otherwise , 

where i? G VK 1,2 ((0, L); M 3x3 ) denotes the matrix R := (v' \d 2 \ d 3 ) and A is the class defined 
in (3.1). 

Theorem 3.5. Let v G M /1 ' 2 (0; R 3 ) and let d 2 ,d 3 G L 2 (f2; K 3 ). T/ien, /or every positive sequence 
(hj) converging to zero and every sequence (u^)) C W 1 ' 2 (flh j ; R 3 ) swc/i £/iaf 

^Cb) o ^r(^) ^ w s^o^/y Jn VK^ 2 (f7; R 3 ), (3.21) 
-L^vC^o strong in L 2 (ft;R 3 ), (3.22) 

^-d c (v^ o*(^)) -> d 3 strong ini 2 (ft;R 3 ), (3.23) 

I(v,d 2 ,d 3 ) <limmf iy((*(' l ^) _1 (x), Vw (/l ^(x))dx. (3.24) 

Proof. In the following, for notational brevity, we will write simply /i instead of /ij. Let (v^)) be 
a sequence satisfying (3.21), (3.22) and (3.23). We can assume that 

liminf-ij / W((^ h ^)~\x),Vv^ ) (x))dx < C < +00, 

otherwise (3.24) is trivial. Therefore, up to subsequences, (3.2) is satisfied. By Theorem 3.3 we 
deduce that (v, d 2l d 3 ) G .4, 

:= Vv {h) o — > R strongly in L 2 (Vl; M 3x3 ) (3.25) 

with Re I^ 1 ' 2 ((0,L);M 3x3 ), Re 50(3) a.e., and 

R:=(v'\d 2 \d 3 ) = RR . (3.26) 

Moreover, as in the proof of Theorem 3.3, we can construct a piecewise constant approximation 
R<-V : [0, L] 50(3) such that 

f \F^ - R^fdsd^dC <ch 2 (3.27) 
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and i?W -> R strongly in L 2 (I';M 3 ) for every V CC [0, L\. Define the functions G^ : fl -» M 3x3 



as 



G W := 1 ((RWf F W ~Id)=l ((R W fV h vW (V h *W) - 1 - Id) . (3.28) 

By (3.27) they are bounded in L 2 (tt;M 3x3 ), so there exists G € L 2 (fi;M 3x3 ) such that G^ G 
weakly in L 2 {Q; M 3x3 ). We claim that 

liminf -LJ_ w( y (¥ h '>y 1 (x),Vv^(x)yx > i jf Q 3 (s, £, C, G)ds d(. (3.29) 
Performing the change of variables $f( h \ we have 

jfi ^(i*" 1 ') ^ 1 )' V5(h) dx ^^J n w ( s > & c > det ( v ^ (h) ) ds ^ d c 

= ^y w( s ,e,c, (i? (h) ) T FW)dct (v fc *w)dsdedc 

(3.30) 

where the last equality follows from the frame indifference of W. Define the family of functions 

i in nn{(s,z,0 ■ \G( h \s,z,o\ <h~i}, 

otherwise. 



X [h) (*, £,C) == 



From the boundcdness of in L 2 (£l;M 3x3 ) we get that x^ ~ * 1 boundedly in measure, so 
that 

x (h) G (h)^ G wea kly in L 2 (fi;M 3x3 ). (3.31) 
By expanding W around the identity, we obtain that for every (s, £, £) S f2 and A £ M 3x3 

1 d 2 W 

W(s, C, C, /d + A) = - — ( a , C, /d + i A) [A, A] 

where < t < 1 depends on the point (s, £, C) and on A. By (3.30) and by the definition of G^ 

1 ./W(i}W) = JL /* w (s, f,£ Id + /iG ( ' l) ) dot (V h ¥ h ^)dsd£,dC 
h Jn 



h 2 

> 

32 



\ I X (h) (0 ( s > C, W + ft tW G w ) [GW, GW] ) dct (V h *<"> d£ d( 



(3.32) 

where < t(h) < 1 depends on (s,£, C) and on G^. The last integral in the previous formula 
can be written as 

i r lh ,fd 2 w 



dF 2 



(s, £, (,Id + h t(h) G (h) ) [G w , G (h) ] det (V/,* (fc) )ds d£ d( 



= lJ a (x w (0(',t,Ud + ht(h)GM^ 

+ \ I Q 3 { S ,tX,X ih) G^)dct(V h ^)d s dtd(. (3.33) 
1 Jo. 

By Scorza-Dragoni theorem there exists a compact set K C fi such that the function d 2 W/dF 2 
restricted to K x Bs(Id) is continuous, hence uniformly continuous. Since ht(h) x^ 1 ) qW - ls 
uniformly small for h small enough, for every e > we have 

2~ In X(h) (j^ 2 ( S ' ^ ^ Id + h *W ' - ® 3 ( s ' dct (^h^ {h) )ds d£ d( 

>~ [ X {h) \G {h) \ 2 dct (V h V w )dsd!;d(>-Ce 
2 Jk 
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for h small enough. As for the second integral in (3.33), by (2.5) and (3.30) we get 

liminfi f Q 3 (s,e,C,X ( ' l) G^)det(V ft vI/W) ds ^ dC > 1 f Q 3 ( s ,Z,(,G)dsdtd( (3.34) 

h—>0 Z J n I Jq 

since Q 3 is a nonnegative quadratic form. Combining (3.32), (3.33) and (3.34) we have 

liminf > ±j Q 3 (8,Z,C,G)dsdtdt - Ce 

and, since e is arbitrary, (3.29) is proved. It remains to identify G. 

Fix (Co, Co) G D\ let 6 = <5 (Co,Co) > be such that B 2 s {£oXo) C D and let U := (0,L) x 
-S<5„(£o, Co)- Fix ' £ K - {0}, |i| < 5 . For every (s,£, C) £ C^o we can define the difference 
quotients of the functions G^ with respect to the variables £ and C along the direction r, given 

by 

H ( t h) (s, C, C) := \ (GW (s, £ + t, C) - ( S , £, C)) 

^ («, C, C) := ^ (s, C, C + 1) - G< h > (a, £, C)) r(«), 

and the corresponding difference quotients of the limit function G 

' fft(«, 6 := \ (G(8, £ + t, C) - G( S , C)) r( S ), 

^t(«, £, := ^ (<?(*, C + 1) - G( S , C)) r(«). 
Since G^ 1 ) — 1 G in L 2 (f2;M 3x3 ) and i?W — ► i? boundedly in measure, we have 

H[ h) -± H t weakly in L 2 (U ; R 3 ) and 
R( h ) H[ h) ^RH t weakly in L 2 (C/ ;M 3 ). (3.35) 
In terms of i* 1 ^ the left-hand side of (3.35) reads as 

R {h \ S )H[ h \ s ,iX) = Y t (FW(s,t + t,()-F( h \s,Z,0) r(s). (3.36) 
Now recall that, if we set := o ^ (h \ we have 

V/)=fWv* (i,) ; (3.37) 
in particular, taking the first column of the two matrices, we obtain 

FM(s, C) r(«) = a aU W(*, C) - h F™(s, C) K «4 W + C 1/3 (*))■ 
By the last equality and (3.36) we get 

- \ (k + *) (*> e + *, - e ( S , c- , 0) 4 (s) 

-](( (s, £ + 1, - C ^ (s, 0) (3-38) 

For the first term we have 



tJo h s 



so by (3.23) and (3.26) 

l-d s (v^( S ^ + t,0-v {h) (s,^0) -^d 2 (s)=d s (R(s)v 2 (s)) weakly mW~ 1,2 (U ;M. 3 ). (3.39) 
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By (3.25) the second term in (3.38) converges to 

j (f£ + t)R(s) -£i?(s)) u' 2 (s) = R{s)u' 2 (s) strongly in L 2 (U ;R 3 ) (3.40) 
and the last term to 

j((R(s)-(R(s) S Jv' 3 (s) = strongly inL 2 ((7o;R 3 ). (3.41) 
Putting together (3.39), (3.40), (3.41) and (3.35) 

R(s)Ht(s,ZX) = d s (R(s)u 2 {s))-R(s)u' 2 {s) a.e. in U Q 

and so 

flt(s,£,0 - (R(s)) T R\s)v 2 (s) a.e. in U Q . (3.42) 
Repeating the same argument for K[ h ^ we get 

K t (a,t,Q = (R(s)) t r'( S )v 3 (s) a.e. in U . (3.43) 

From the last two equalities we deduce that the functions H t and K t depend only on the variable 
s. Moreover, letting t go to both in (3.42) and in (3.43), we get that the gradient of Gt w.r.to 
the variables (£, Q) depends only on s, i.e., 

V KlC )(G(«,£,CMs)) = (R( S )) T R!( 3 )( V2 ( S )\v 3 ( S )) & .e. in U . (3.44) 

Being this equality valid in Uq = (0, L) x Bs (£o, Co), for an arbitrary (£ , Co) € D, we can conclude 
that it holds a.e. in the whole O. Since D is connected, we obtain that for a.e. (s,£, () E 

G(a, C, C) r(a) = (i?(s)) T (C + C *!»(*)) + g(a) 

with 5 : [0, L] —> M 3 . Remark that from the previous formula g & L 2 ((0, L); M 3 ). 

It remains to identify the components G(s, £, C) ^(s) and G(s, £, () vs{s)- By (3.37) we have 

GW(8,Z,C)V2(8) = i((i?W( S )) T ^( S ,e,C)^( 5 )-^2( S )) 

= l(fc- 1 (^W)V k) (^.0-i 1 w) 

and 

= I^-i^w^f^w^^c)-^^)), 

so, if we define 
it turns out that 

d^ h \s,^Q=G^(s,tOMs) and d c a^(s, £, C) = G (fc) («, & C) *!»(*). (3.45) 
Applying the Poincare inequality to the functions a^ 1 -* for fixed s we obtain that for a.e. s S [0, L] 

jT | a w ( s , c- , c) - 4 fc) (*) 1 2 de rfc < c jT (I a £ a( fc ) («, & c) | 2 + 1 c a (fc) («. ^ 1 2 ) ^ d£ 

where (s) := J D a'' 1 ) (s, £, C) d£ ^C- Integrating over [0, L] , we have 

\\a {h) ~a {h) \\ 2 <c(\\dtaW\\ 2 +ll<W l) l| 2 "l 

Since the right-hand side is bounded by (3.45), there exists a function a e L 2 (fi;M 3 ) such that, 
up to subsequences, 

a< h > - a ( Q h) ->■ a weakly inL 2 (0; R 3 ). 
Moreover, from (3.45) we conclude that 

c a(s,£,O =<?(*, £,CW«) and d ( a(s, £, () = G(s, £, () (3.46) 
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therefore d^a, d^a G L 2 (il; M 3 ). Now, define the functions a(s,£, C) '■— Rq{ s ) a i s , £i C) an d §( s ) '■= 
i?o (s)y(s). Thanks to these definitions and to (3.26), G can be written as 



G=(^RR^) T [rR^'r ^ £ ^ + .9 
= Ro((R T R' + (RZyRo) ( £ 









(!) 


+ .9 

















(!) 


+ .9 











d c aj R T 



(3.47) 



where the last equality follows from the identity (Rq)'Ro + RoR' = 0. Combining (3.29) and 
(3.47), we obtain 



d ( a }Ro{s) )dsd£dC, 



liminf p JW(«W) > ^Q 3 (s,£,C, #o(*)(p(^ £ ) + .9 

with P(s) := R T (s)R'(s) — Rq(s)R' (s). By the definition of the quadratic form Q 2 in (3.19) we 
clearly have J" Qs(s,£, Ci G)d£ d( > Q2(s, P(s)), and so 

liminf -L / W((*< h >)-\aO,Vt;W(a;))da;> 1 [ L Q 2 (s, (R T (s)R' (s) - R% (s)R' (s)))ds. 
h^o n Jn h z j Q 

□ 

3.3. Bound from above. In this subsection we show that the lower bound proved in Theorem 3.5 
is optimal. 

Theorem 3.6. For every sequence of positive (hj) converging to and for every (v,d 2 ,d 3 ) G A 
there exists a sequence (^v ( - hj) ) C W 1,2 (Slh } ; R 3 ) such that 



v&j) Q ^{hj) _^ v s trongly in W 1>2 (Sl; R 3 ), 

-J-^(^'ofW) ->d 2 strongly in L 2 (Cl;R 3 ), 
hj 

-5- d c (v^ o *(^)) -> d 3 strong in i 2 (Sl; R 3 ), 



and 



(3.48) 
(3.49) 

(3.50) 
(3.51) 



I{v,d 2 ,d 3 ) = lim i [ W((¥ h ^) \x),Vv^\x))dx, 
J-oo // ; ./,.,. 

w/iere i/ie dass ^4 and the functional I are defined in (3.1) and (3.20), respectively. 

Proof. Let (v,d 2 ,d 3 ) G A Assume in addition that w G C 2 ([0, L]; M 3 ) and d 2 ,d 3 G C^QO, L]; R 3 ). 
Consider the functions v^ : Q — > R 3 defined by 

v< h > (s, £, C) + <fc(*) + ft C + & 9» + ^ /?(*, 0. 

with o G C^LjjR 3 ) and /3 G C^tyR 3 ). We define {jW := o (tfW) -1 ; these functions 
clearly satisfy (3.48). Moreover, since 

V»(«( h) o*( l ))=V/' - (w'|d 2 |d 3 ) + /i(e4 + C4 + 9'|a c /3|9 c /3)+/ l 2 a s /3®e 1 , (3.52) 
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also (3.49) and (3.50) follow easily. In order to prove (3.51), we first observe that, performing the 
change of variables (s,£, Q — (\I/C0) ( x ), we obtain 

-L /CO (SCO) = _L f w(a,€,C,Vi;Wo*( h ))det(Vfc*W)dsdfdC 
" h J n 

= ^2 ^W(s,Z,(,V h (v^o& h )) (V fc *W) _1 )det(V fc *W)d«dedC, (3-53) 
where the last equality is justified observing that 

V/^CO o *C0) = o *C0) (V h *W). 

Then, by the definition of i;C0, 

2_ /CO = J_ J VK( S , C, (V hU W) (V h *W) _1 ) det (V h *W)ds d£ d<. (3.54) 

Using (2.6) and (3.52) we get 

V^CO (V h *W) _1 - R Rl + h (£ d 2 + C + l' I I Ro 
-hRRl[(Zv' 2 +Cv' 3 )®e l ] R% + 0(h 2 ), 

where R = (v'\d2\d^) and 0(h 2 )/h 2 is uniformly bounded. Now consider the rotation R(s) = 
R(s)R%(s). Then 

ifv^CO (v h *W) _1 = /d+Zi^Kd^+CdWl^iac^-Ro-^^^+C^ei] i?J+0(h 2 ). 
If we define the functions 



it turns out that 

£?C0 - (i? i? T )(ed' 2 +Cd^ + g '|^/?|a c /3)^- [Ki/ 2 + C^ 3 )®ei] i# + 0(/») 



R a R T ^R' ^ £ 



Rq I (^R^ R 1 



RqR'o 



d 6 

N 



#0 £ 



i# + O(Zi) 



R T q 



R T d i (3 



R T d c f3 Rl + 0(h) 



=: G qJJ + 0(h) (3.55) 
where 0(h) /h is uniformly bounded. By frame indifference and the definition of 2? CO, we have 

^(s^.CV^Iv,,^))" 1 ) = ^(s^O^V^C^v^W)- 1 ) 



/i 2 



\w{s,Z,Ud + hB<to). 



h 2 



Using (3.55) and the expansion of TU around the identity, we obtain 

^ W(s, £, C, V h v< h > (V h *W) _1 ) - i Q 3 («, C, C, G, l/3 ) a.e.. 
Moreover, the assumption (ii) gives the uniform bound 

p 1U( S , C, V fc «W (V h *W) _1 ) < ^ d I G qiP | 2 + C e ^(fi), 
so, by the dominated convergence theorem and by (3.54) we conclude that 

lim ^ J_ 1U((*C0) ~\ x ), vsW (*)) dx = i jf Q 3 (s, £, C, G ?i/3 ) ds d£ d(. 



(3.56) 



This holds for every q e (^([O, L]; R 3 ) and for every /3 G C 1 ^; 
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Consider now the general case. Let (v,d 2 ,d 3 ) £ A, and let a(s, •) £ W 12 (D; R 3 ), g(s) be a 
solution to the minimum problem (3.19) for P = R T R' - RqR' . By Remark 3.4, a £ L 2 (fi;R 3 ) 
with d^a,d{^a £ L 2 (0;R 3 ) and <? G L 2 ((0, L); R 3 ). In order to conclude the proof it is enough to 
construct a sequence of smooth deformations converging to (v, d 2 , d 3 ), on which the energy 
converges to the right-hand side of (3.56) with q and /3 replaced by R T g and R T a, respectively. 
This can be done by repeating the same construction as in [9]. □ 

Remark 3.7 (Homogeneous rods). If the rod is made of a homogeneous material, i.e., W(z,F) = 
W(F), for a.e. z in f2 and every F £ M 3x3 , then the limiting energy density Q 2 is given by the 
simpler formula 





inf { / qJro{s)(p ( £,\ 



d f 



d c a )R%(s) )d£_d( 



(3.57) 



In other words the optimal choice for g in (3.19) is g = 0. 

In order to show this, let a £ W 12 (D: R 3 ) and let g £ R 3 . We introduce the function 



Then, 



a(«,£,C) ~&(s,Z,Q-tf d^ad^dC-cf d c ad^d(. 

J D J D 



(3.58) 



d c a ]hZ=r [p 







(!) 









Ro 



G + Z. 



D 



d^d d£ d( 



d^j Rl 

j d c ad£d(j Rl 



(3.59) 



By expanding the quadratic form Q3, we have 

/ Q 3 {G)dtd(= f Q 3 {G)d£d(+ f Q 3 (Z)d£d(> f Q 3 (G)d£ d(, 
J d Jd Jd Jd 

where we used (2.2), the fact that d^a and d^a have zero average on D and the non negativity of 

Q 3 . From this inequality the thesis follows immediately. 

Notice that, due to the nontrivial geometry of the body, the limit energy depends on the position 
over the curve 7 even for a homogeneous material. 

Remark 3.8 (Homogeneous and isotropic rods). Assume the density W is homogeneous and 
isotropic, that is, 

W{F) = W{FR) for every R £ SO(3). 
Then the quadratic form Q 3 is given by 

\G + G T \ 2 



Q 3 (G) = 2^ 



+ \(trGY 



for some constants A, \i £ R. It is easy to show that for all G £ 

Q 3 (RGR T ) = Q 3 (G), 

and so, formula (3.57) reduces to 

/ / > 



5x3 



and R £ SO(3) 



Q 2 (P) = inf 

&eW 1 - 2 (D;\ 



QsiP 



D 



dra d£d( 



1 M(3A + 2/i) (,? 2+ P? 3 ) + ^^ 



2tt X + h x 1Z ^' 2tt- 

where the last equality follows from [9, Remark 3.5]. This means that in the case of a homogeneous 
and isotropic material the quadratic form Q 2 is exactly the same as in the case of a straight rod 
treated in [9]. 
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Remark 3.9 (Homogeneous rods with a circular cross section). Assume that the cross section D is 
a circle of radius centred at the origin. In this case, the quadratic form Qi can be computed 
by a pointwise minimization. More precisely, for every s and for every P, 

1 



Q2(s,P)=. 

47T u,v,w 





' Pl2 




(bo(s) ( 





u 




v -P23 





v \R 1 Q (s) + Q 3 [R (s 




The proof is completely analogous to [9, Remark 3.6]. 

4. Lower scalings of the energy 

The content of this section is the study of the asymptotic behaviour of the functionals 1^ /h a 
for < a < 2, as h — > 0. In addition to conditions (i)-(v) of Section 2 we assume also that 
W(z, F) = W(zi,F) for every z = (z 1 ,z 2 , z 3 ) £ R 3 and every F £ M 3x3 , and that 

(vi) 3C 3 > independent of z 1 such that W{z±,F) < C 3 dist 2 (F, 50(3)) for a.e. z 1 

and every F £ M 3x3 . 

It is convenient to write the functionals F h "> as integrals over the fixed domain Cl = (tf W) (Cl h ) . 
Changing variables as in (3.53) and setting v := v o vj/C'), we have 

I {h) (v) = [ W(s, (Vfc«) (Vhtf (h) ) _1 ) dot (V h * W )dad£dC =: J {h) (v). 
Jn 

We extend the functional to the space L 2 (f2;R 3 ), setting 

if v € W^ 2 (n;R 3 ), 
+oo otherwise in L 2 (Q; R 3 ). 



jW(w) = 



The aim of this section is to determine the T-limit of j( h >/h a , for < a < 2, as h — > 0, with 
respect to the strong topology of L 2 . 

4.1. Derivation of the nonlinear theory for curved strings. For this first part we specify 
a = 0, so we are interested in the asymptotic behaviour of the functionals representing the energy 
per unit volume associated to a deformation of the reference configuration. 

Theorem 4.1 (Compactness). For every sequence (v ih) ) in L 2 (fl;R 3 ) such that 

jW(v w )<c<+oo (4.1) 

there exist a function v £ W 1,2 ((0, L); R 3 ) and some constants c^ 1 ) <= R 3 such that, up to subse- 
quences, 

v (h) _ c (h) _± y weakly m W l,2(Q. R 3y 

Proof. Let (v^) be a sequence in L 2 (Vl\ R 3 ) satisfying (4.1). From the definition of the functional 
we have immediately that u^ 1 ) £ W 1,2 (Q;M. 3 ). The assumptions on W and the uniform bound- 
edness of (V^^)" 1 and of dct (V h V w ) give the boundedness in L 2 (ft;M 3x3 ) of (W h v W ) and 
hence of (Vv^). Therefore, using the Poincare inequality 

\\v W -c (/l) ll <IIVw ( ' l) ll 

Ir L IIl 2 (S1:R 3 ) - II vv I li 2 (n;M 3x3 )' 

where c^ £ R 3 is the mean value of over Q, it turns out that the sequence —c^ is bounded 
in W 1,2 (Q; R 3 ); hence there exists a function v £ H /1 ' 2 (r2;R 3 ) such that, up to subsequences, 

v (h) _ c (h) _± v weakly i n VF^ 2 (0;R 3 ). 
Moreover since (V h v W ) is bounded in L 2 (£l; M 3x3 ), we have 

d s v (h ^0 and d c v^ strongly in L 2 (O; R 3 ). 
Therefore the limit function v depends only on the first variable. □ 
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Theorem 4.2 (T-convergence) . Let I be the functional defined as 

/(„) = / j o L W^(s,v'(s))ds ^e^ 2 ((0,I);R 3 ), (42) 
[ +00 otherwise in L 2 (£!;R. 3 ), 

where Wq* is given by the convex envelope of the function Wq : [0, L\ x R 3 — ► R defined as 
W Q (s,z) := mf {W (s, {z\y 2 \y 3) Ro{s)) : J/2, y 3 G K 3 }. 

T/ien 

T - lim J (/l) = /, 
i.e., the following conditions are satisfied: 

(i) (liminf inequality) for every v G L 2 (£1;M 3 ) and evert/ sequence (V 1 )) C L 2 (£1;]R 3 ) swc/i that 
v ( h ) _^ v s t ron gly i n L 2 (Q;R 3 ), it turns out that 

I(v) < liminf jW(yW); (4.3) 

(ii) (limsup inequality) for every v G L 2 (fhR 3 ) //iere exists a sequence (v^) G L 2 (fhR 3 ) converg- 
ing strongly to v in L 2 (Q:R 3 ) such that 

limsup jW («(*)) < J(u). (4.4) 

h->0 

Remark 4.3. Notice that, if ^4 := (z | j/ 2 1 2/3) -Ro > tnen ^ r = z an d = yk for fc = 2, 3. In other 
words, in the definition of Wq, the minimization is done with respect to the normal components 
of the matrix in the argument of W, keeping equal to z the tangential component. 

Remark 4.4. Observe that conditions (iv) and (v) imply that for a.e. s G [0, i], 

Wo**(s, z) = if and only if \z\ < 1, (4.5) 

(see [1]). 

Proof, (of Theorem 4.2) (i) Let v and u^ 1 ) be as in the statement. We can assume that 

liminf J {h) (v {h) ) < +00, 

otherwise (4.3) is trivial. Therefore, up to subsequences, (4.1) is satisfied. From Theorem 4.1 we 
deduce that v G VK 1,2 ((0, L); R 3 ) and that the convergence is indeed weak in W 1,2 (fi; R 3 ). 
Now define the function W : [0, L] x R 3 -> R as 

W (s,z) :=mf{W(s,(z\y 2 \y 3 )RT(s)) :y 2 ,y 3 el 3 }. 

Due to the coercivity assumptions this function is finite. 
Notice that, since Rq Rq = Id, we can write 

W(s, V h «W(V fc *W) _1 ) = W(s, VhV^iVh^y'RoR^) 
and using the explicit expression of (Vh^^) 1 given in (2.6), i.e., 

(V h *W) _1 (a,€,C) = iZo («) - ^0 («) [(^(*) + C^ 3 (*)) ® ei]*o (*) + 0(/* 2 ), 

we have 

V ft w (/l) (V h * (,l) ) _1 i?oei ^-y' weakly in L 2 (ft; R 3 ). (4.6) 
So, from the definition of Wo 

> / W (*,V/ l v ( ' l) (V/ l * (h) )~ 1 i2oei) dot (V^ (,l) ) ds d£ dC 

> / W **(s ) V h «W(Vfc*W)" 1 i2oei) det(V fc *W)d8dedC- 
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Now we pass to the lim inf in both sides of the previous inequality, using the uniform convergence 
of the determinant remarked in (2.5), and we get 

liminf jWfyW) > liminf/ W£*(s, (\7 h v^ h) (\/ h^)' 1 R ) ei) det (V/,tf (fc) ) dsd£d( 

h^O h->0 Jq 

= liminf/ V^**( S ,(V^ /l )(V^(' l ^ 1 i?o)e 1 )d S ^dC- 

Since the functional 

G(u) := / W£*(s,u)dsdtd( 
Jn 

is convex, it is sequentially weakly lower semicontinuous in L 2 (U; R 3 ); so, by (4.6) we can conclude 
that 

liminf > J W **(s, v'(s)) ds. (4.7) 

(ii) Let v be a function in W 1,2 ((0, L); R 3 ), otherwise the bound in (4.4) is trivial. Let w 2 ,w 3 e 
M /1,2 ((0, L); R 3 ) be arbitrary functions and consider the functions : Q — > R 3 defined by 

vW(s,Z,0 := v(s) + h£w 2 ( S ) + h(w 3 (s). 

Clearly, as Vv^ — v' ® e\ + h (£ w' 2 + C w 3 I w 2 \ w 3 ) , we have that 

v w ->v strongly in W h2 (Q;R 3 ). (4.8) 

Now we want to study the behaviour of the sequence 

jW( v W)= ( W(s,{V h v {h) )(V h ^ h) )~ 1 )det(W h ^)dsd^dC 
Jn 

when h — ► 0. Notice that the scaled gradient of satisfies 

V^i/' 1 ' = ( v ' w 2 | w 3 ) + h {i w' 2 + C w' 3 ) ® e 1 -> (v' \w 2 \w 3 ) a.e.. (4.9) 
So, by (2.5) and (vi), using the dominated convergence theorem we get 

limJ^(t;W)= lim f W(s, (d s v^ \ w 2 \ w 3 )(V h ¥ h ^y 1 ) det (V ft * ( ' l) ) dsd£d( 



= / iy( s ,(«> 2 |» 3 )Orfs. 

Jo 

Up to now we have shown that for every choice of w 2l w 3 € M /rl,2 ((0, L); R 3 ), there exists a sequence 
(v^) such that (4.8) is satisfied and 

lim jW («( fc )) = ^ W(s, (v' | w 2 | w 3 ) R?)ds. 

Therefore, 

r-IimsupjW(u) := inf (lim sup J^(u^) : -» w strongly in L 2 (f7;R 3 )l 

< inf | jT («' | w 2 | wa) i#) : w 2 , w 3 £ VK^ 2 ((0, L);R 3 ) j 

= inf|^ W(s,(v'\w 2 \w 3 )R%)ds:w 2 ,w 3 EL 2 ({0,L):R 3 )\j, (4.10) 

where the last equality is a consequence of the dominated convergence theorem and of the density 
of VK^ 2 ((0, L); R 3 ) in L 2 ((0, L); R 3 ). 

By the measurable selection lemma (see for example [3] ) applied to the Caratheodory function 

g: [0,L] xR 3 xI^M, (s,y 2 ,y 3 ) ^ g(s,y 2 ,y 3 ) :^ W (s, (v' (s) \y 2 \y 3 )R^ (s)) 
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we obtain the existence of two measurable functions w 2 ,w® : [0, L) — ► R 3 satisfying 

W(a, (v'(s) I w° 2 (s) I w° 3 (s))RT(s)) = inf W(a, (v'(s) \ y 2 \ y 3 )I^(a)) = W (s, «'(«)). 

Moreover, from the coerciveness of W it follows that w 2 , belong indeed to L 2 ((0, L); R 3 ) and so 
they are in competition for the infimum in (4.10). Hence, for every v £ M /1 ' 2 ((0, L); R 3 ) we have 



r-limsupJ ( ' l) (w) < / W (s,v'(s))ds =: J(v). 
/i->0 Jo 



, J(v) if ^^ 2 ((0,i);K 3 ), 
{ ) ' +00 otherwise in L 2 (ft; ro3 ^ 



Now define the functional 



clearly it turns out that 

r-limsupj ( ' l) (v) < J(v) for every v £ L 2 (0;R 3 ). (4.12) 

/i->0 

As the lower semicontinuous envelope of J with respect to the strong topology of L 2 (fl; R 3 ) is given 
by the functional / (see [2] and [7, Lemma 5]), the thesis follows immediately from (4.12). □ 

4.2. Intermediate scaling. In this subsection we show that scalings of the energy of order h a , 
with a £ (0, 2), lead to a trivial T- limit. 

Theorem 4.5 (Compactness and T- convergence). Let Wi be the class of functions defined as 

Wi := {v £ W 1,2 ((0,L);R 3 ) : \v'(s)\ < la.e.}. (4.13) 
For every sequence (uW) in L 2 (£1;R 3 ) such that 

JL < c < +oo (4.14) 

i/iere exist a function v £ Wi and some constants c^ £ R such that, up to subsequences, 

v (h) _ c (h) _± v weaMy m W h2^. R 3y 

Moreover, 

1 ,., f in Wi, 
r- lim — jW = <^ (4.15) 

h-o h" I +oo otherwise in L 2 (fi ; r^ 



Proof. Let (v (/l) ) be such that (4.14) is satisfied. Then 

jW(yW) <ch a . (4.16) 

By Theorem 4.1 this implies that there exist v £ VK 1:2 ((0, L); R 3 ) and some constants c^ 1 ) e R 
such that the sequence — c^ 1 ) converges to v weakly in TL rl,2 (il; R 3 ). Moreover by Theorem 
4.2 and by (4.16) 

= lim inf jW(yW) > / W **(s, «'(a))ds, 



/t-»0 

and this gives the additional condition that \v'(s)\ < 1 for almost every s £ [0,L], thanks to 
Remark 4.4. Therefore v £ Wi. 

Let us prove (4.15). The liminf inequality follows directly from the fact that the energy density 
W is nonnegative and from the compactness. As for the limsup inequality we first notice that we 
can restrict our analysis to functions v £ Wi, being the other case trivial. Since \v'(s)\ < 1 for 
a.e. s £ [0, L], there exist two measurable functions d 2 ,d 3 : [0, L] — > R 3 such that 

(v'(s) I d 2 (s) I d 3 (*)) 6 Co(SO(3)) for a.e. s £ [0, L], 

where Co(SO(3)) denotes the convex hull of SO(3). As first step, we assume in addition that 
(v' I d 2 I d 3 ) is a piecewise constant rotation; for simplicity we can limit ourselves to the case 

' Ri if s £ [0,s [, 



(v'(s)\d 2 (s)\d 3 (s)) = 



R 2 if s £ [s , L] 
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with i?i,i?2 £ 5*0(3). Now, let ui(h) be a sequence converging to zero, as h — > 0, and let P be 
a smooth function P : [0, 1] — ► 50(3), such that P(0) = Pi and P(l) = i?2- Now consider a 
reparametrization of P, denoted by and given by 



s - s 



u(h) 



P( h \s) :=p(- 
Dcfine the sequence : — > R 3 as 

on s e [0, so[xD, 

[ S (P^){a)e 1 da + P^\s)( h£ \+b^ on [s , a + u(h)] x D, 
J *° \ hC J 

on ] s + L] x D, 



Pi /i^ 



w (fc) (*,€.C) ■={ 



where the constants and are chosen in order to make continuous. It turns out that 
the scaled gradient has the following expression: 



r Ri 



on [0,s [xD, 

P (h Hs)+ ^(P (/l) )'(s)^ hi ^ ®ei on [s , s + x D, 

on ] s + L] x Z); 



(4.17) 



P 2 



JD 

so+w(/i) 



moreover VhV^ — > (i>' | efe | e^) strongly in L 2 (S1;IR 3 ). In order to evaluate the functional on this 
sequence we use the fact that, by (v) and (2.5), 

JL jCO („(*)) < JL jf dist 2 (V h «W (V h *< fc >)-\S0(3))dsdedC. (4.18) 
From (4.17) the integral on the right-hand side of the previous expression can be written as 

dist 2 (Pi (V h tf ( ' )~ 1 ,S , O(3)) dsd^C 
+ / / dist 2 (V^W (V h * (h >) 1 ,SO(3))d*dedC- 

J SO ■'f 

The first two terms in (4.19) give a contribution of order h 2 since, by (2.6), for i — 1,2, 

dist 2 (Ri (V h * (/l) ) ~\ 50(3)) < h 2 dist 2 (Ri R% [(£ v' 2 + C i/ 3 ) ® ei] P^, 50(3)) 

< C h 2 dist 2 ( [(£ ^ + C v'z) ® , 50(3)) , 

so they can be neglected in the computation of the limit of (4.18). The only term we have to 
analyse is the last integral in (4.19). Set 



dist 2 (P 2 (VfctfW) \S0(3))dsd£d( 

(4.19) 







ei. 



Using again (2.6) we have that 

dist 2 (V h «W (V h *W) _1 ,SO(3)) < dist 2 ^ (V h *W) _1 ,50(3)) < O^ 2 (£ 2 + C 2 ) | (P W )T> 
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so we get the following estimate: 

/ / dist 2 (V h v^ (V h ¥ h y\S0(3))dsdt;d(<Ch 2 / | (P^y\ 2 ds 

J sq J D J so 



so 

C^riPfds. 



uj(h) 

Notice that, if we choose oj(h) ~ h 13 , with < (3 < 2 — a, also this term can be neglected in (4.18), 
hence 

lim J_ jW( v W) =0 

and this concludes the proof in the case [y' \d2\d3) is a piecewise constant rotation. 

Consider now the general case. Since (v' \ d 2 \ d 3 ) 6 Co(SO(3 j) a.e., there exists a sequence 
of piecewise constant rotations Rj : [0, L] — > 50(3) such that Rj — ► (v' | d 2 | d 3 ) strongly in 
L 2 ((0, L); M 3x3 ). For each element Rj of the sequence we can repeat the same construction done 

in the previous case and find a sequence whose scaled gradients V/jt;^ converge to Rj as 
h — > and such that for every j 

lim-!-/ W(s,V h v^ h) (V h^y 1 ) dot (V h ¥ h) )ds dl; d( = 0. (4.20) 
Now we can choose, for every j, an element of the sequence Vj h \ say v^ ] \ in such a way that 



< - (4.21) 



and 



/ W(s,V h M hi) (V h ,*< h '>) ') det (V h ,*^))d«dedC < -• (4.22) 
n j Jn J 

These estimates show that the sequence v^ 1 ^ converges to (v' \ d 2 \ d 3 ) strongly in L 2 ((Q, L); M 3x3 ) 
and that 

lim -L / W{s,V hj v (h ^ (V hj ^y 1 )dct(V hj ^)dsd^dC = 0. (4.23) 
This concludes the proof. □ 
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